We present an index profile design for remarkably low loss multimode optical crossed waveguide. In this paper, we theoretically calculate the light propagation loss in crossed waveguides with step-index (SI) and graded-index (GI) square cores utilizing a ray tracing simulation. In this simulation, we focus on the index exponent values for the GI profile, which allows low crossing loss even if the number of crossing is as large as 50 or even if the crossing angle is as low as 20°. It is revealed that an index exponent of 2.0 for the GI core strongly contributes to exhibit 35 times lower loss (0.072 dB after 50-perpendicular crosses) compared to the loss of the SI-core counterpart (2.58 dB after the same crossings). The GI cores with a smaller index exponent exhibit better loss in crossed waveguides with a wide range of crossing angles from 30° to 90°. Furthermore, we discuss the effect of the refractive index profile at the intersection on the optical loss of crossed waveguides.
Introduction
The performance gain of microprocessors has been accelerating the arithmetic processing speed of high performance computers (HPCs), which has led to a worldwide performance competition amongst HPCs [1] . For sustaining the growth of the HPCs' ever-increasing performance, the power consumption of HPC systems will become a critical issue. Therefore, optical wiring is gradually being introduced into such HPC systems.
Currently, some HPCs with greater than peta FLOPS performance already have adopted multimode optical fiber (MMF) links for their rack-to-rack data exchanges, where optical/electrical (O/E) and E/O signal conversions take place at the edge of a printed circuit board (PCB). In advanced systems, the O/E and E/O conversions are required to be very close to the processor chips, because the signal distortion in the on-board electrical wiring (even in such a short link) should be reduced for further high-speed and power-efficient operations [2] . Optical PCBs (O-PCBs) have been a promising solution to realize on-board optical interconnects, by which wiring density much higher than multimode fiber links mentioned above can be realized.
Hence, O-PCBs incorporating polymeric optical waveguides have been drawing much attention, because of their ease of fabrication, good miscibility with PCB substrates, and low cost [3] [4] [5] . For realizing O-PCBs, polymer waveguides with just straight cores have been intensively developed worldwide. Meanwhile, curved waveguides and crossed waveguides are highly anticipated for wiring on-board. In particular, crossed optical waveguides with low loss and low interchannel crosstalk allow single-layer optical wirings on PCBs, which would lead to a flexible structural design. In fact, research into crossed polymer waveguides, which are normally based on existing polymer optical waveguides with SI cores has become more active over the last couple of years [6, 7] . However, the excess optical loss at the intersection of two cores due to the light leakage has been crucial. Meanwhile, we have demonstrated that multimode polymer waveguides with graded-index (GI) core show lower loss, lower interchannel crosstalk, and lower connection loss with multimode optical fibers with a circular GI core [8] [9] [10] . Thanks to that research, GI-core polymer waveguides have been drawing attention [11, 12] . However, it has not yet been discussed how the index profile, a very important characteristic of GI-core contributes to low-loss waveguides.
In this paper, we focus on the optical loss of crossed multimode waveguides, and, propose a new crossed waveguide composed of GI-cores. The loss at the intersection in the crossed cores is theoretically calculated using a ray-trace simulation.
Theoretical analysis of light propagation

Ray-trace method
A lot of analytical methods have been proposed for simulating the lightwave propagation in optical waveguides. The analyses based on wave optics like the beam propagation method (BPM) and the finite-difference time-domain method (FDTD) have been used frequently over the last decade. However, the GI-core multimode crossed waveguides which are the focus of this paper have a large number of core intersections, and the refractive index profile in the intersection could be different from that at the straight region of the cores. Therefore, waveguide structural variations exist both in the lateral and axial directions. Furthermore, the polymer waveguides in this paper have a numerical aperture (NA) as high as 0.25 and a core size as large as 50 μm. These features could make the wave-optics based simulation more complicated and difficult, resulting in a longer computation time. Hence, in this paper, we adopt the ray tracing method for the simulation. It is well known that a high degree of accuracy can be obtained by ray tracing methods, particularly for multimode waveguides [13] . In addition, the axial variation of the index profiles mentioned above is less influential on the computation time in the ray tracing simulation.
The light propagation in graded-index medium is expressed by the ray equation as follows [14] ( ) ( )
where, n(r) is the refractive index at the position vector r, and, s is the distance along the ray path. In this paper, the refractive index profiles in rectangular-shaped cores are approximated by a modified power-law form as shown by Eqs. (2) to (5):
( ) cl n x,y n = (5) Here, n co and n cl are the refractive indices at the core center and the cladding, respectively, while a x and a y are the half-width and the half-height of the rectangular core, respectively. Two index exponents, p and q express the index profiles in the horizontal and vertical directions in the core, respectively.
Calculation condition
For the crossed waveguide simulation, we apply the above approximated index profiles to the program. Figure 1 shows the structure of perpendicularly crossed waveguide that we focus in this paper. Here, n co and n cl are set to be 1.553 and 1.536, respectively, supposing a poly norbornene based waveguide developed at Sumitomo Bakelite Co., Ltd [15] . The index profile in the core is varied by the index exponents, p and q in the horizontal (x-) and vertical (y-) directions, respectively. Here, for approximating an SI core by the power-law form, we generally apply infinity to the index exponent [16] . However, we preliminary confirmed that when p and q are as high as 40, the rays in the core show trajectories very close to the total internal reflection, which is seen in SI cores. Hence, we apply the condition of p = q = 40 for the straight region in the SI-core crossed waveguide in the ray trace simulation. Here, as shown in Fig. 1 , we call the core regions between two intersections the "straight core (region)." So, the same simulation program could be used for the simulation on SI and GI cores by just setting the parameters p and q.
Meanwhile, when we apply the fabrication techniques for experimentally obtaining "GIcore" polymer waveguides, such as the soft-lithography method [17] or the photo-addressing method [18] to the crossed waveguides, the diffusion of the core material into the cladding (and vice versa) plays a key role. A concentration distribution formed after the diffusion of core and cladding materials finally corresponds to a GI profile. In the case of crossed waveguides, it is difficult to expect the monomer diffusion in the intersection area to be the same as that in the straight cores, because no cladding exists in both x-and z-directions. Therefore, for the simulation, all the intersections are assumed to have an SI profile (n int ) in "both SI-and GI-core" crossed waveguides, which should be the worst case for the GI-core crossed waveguide.
In the following sections, we simulate the optical loss from crossed waveguides and discuss the low-loss waveguide design. First, the core sizes a x and a y shown in Fig. 1 are set to be 2a x = 2a y = 50 μm. As mentioned above, ray tracing methods are applicable to such largecore multimode waveguides with a high accuracy. The waveguides include 50 perpendicular crossings with a pitch P and a distance P in from the input end to the first intersection, as shown in Fig. 1 . Here P and P in are set to 250 and 125 μm, respectively. It is well known that the launching condition is a very important issue for multimode waveguide characteristics. We define the condition by setting the spot size (beam waist) 2ε of the incident beam to be 10 μm, supposing a vertical cavity surface emitting laser (VCSEL) based light source emitting at a wavelength of 850 nm. Then, we let each incident ray to have a different optical intensity. The total number of input rays is 10,000, by realizing a Gaussian near-field pattern (NFP) with a 10-μm⌀ beam waist. Meanwhile, the input numerical aperture (NA) of the ray bundle is set to be 0.20, slightly lower than the NA of the waveguide. Here, we suppose the total angular intensity profile of the injected rays to be a Gaussian, as well. The dependence of the launching condition on the loss is evaluated in the next section. 
Calculated property of crossed waveguide
Optical loss due to crossing structure
The optical losses of the crossed waveguides are statistically analyzed by accumulating the intensity of all the rays that pass through the crossings. As mentioned above, the refractive index of the intersection (n int ) is flat, and n int is set to be identical to n co , as described by Eq.
(2) in both SI-core and GI-core crossed waveguides. Figure 2 shows the results we previously reported [19] . Here, the total (accumulated) loss due to the crossings is plotted with respect to the number of crossing for the SI-and GI-core crossed waveguides. The conditions on the index exponents p = q = 40 and p = q = 3 are applied to the simulations on SI and GI cores, respectively only in those straight regions.
The total loss of the SI-core crossed waveguide after 50 crossings is calculated to be 2.58 dB, which is almost 25 times higher than the loss of the GI-core (with p = q = 3) crossed waveguide (0.0958 dB) after the same number of crossing. In the case of SI-core waveguides, the existence of cladding is required for the total internal reflection. At the intersection in SIcore crossed waveguides, some rays could leak to the crossed core, as illustrated in Fig. 3(a) , because the cladding does not exist in the x-axis direction. Contrastingly, the cladding is not necessarily required for the rays in the GI core to propagate to the z-axis direction, because these rays are confined in the core due to the refraction. In GI cores with p = q = 2, it is well known that the rays propagate with a sinusoidal trajectory [14] . When we focus on the meridional rays, the angle between a ray and the core axis is the maximum when the ray passes over the core center axis, while when the ray approaches to the core-cladding boundary, the ray direction turns into parallel to the z-axis. Therefore, in the GI-core crossed waveguides, very few rays leak to the crossed core at the intersections, as shown in Fig. 3(b) . In Fig. 2 , the experimentally measured loss for a GI-core crossed waveguide is compared [19] , which shows remarkably low values as calculated, but they are even lower than the simulated result. 
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Effects of refractive index at intersection and core size
For calculating the results in Fig. 2 , we assume that the intersections in the GI-core crossed waveguide have a uniform refractive index (n int = n co ). So, in the GI-core crossed waveguide, the difference of the refractive indices at the straight and the intersection regions could affect the waveguide loss. The rays are refracted at the boundary between the straight and intersection regions, following Snell's law, as shown in Fig. 3(b) . Because of the gradual lateral decrease of the refractive index from the core center, the refraction angle (the angle between the ray direction and waveguide axis) of the ray is smaller with increasing distance between the core center and the point at which the ray injects into the intersection. Thus, the ray is more likely to confine in the core, even if it is injected into an intersection at a position near the cladding. Therefore, the dependence of the loss of the GI-core crossed waveguide on the value of n int is simulated. For the calculation, n int is varied from n co to n cl , and the results when n int is 1.553, 1.545, and 1.536 are shown in Fig. 4(a) . Other simulation conditions except for the n int setting are the same as those for the results in Fig. 2. From Fig. 4(a) , although it is found that higher n int shows lower loss, after 50 crossings, only 0.02-dB higher loss is observed, even if n int has the lowest value, n cl . When n int equals n cl , the refraction angle of the ray at the boundary of straight region and the intersection is larger than the incident angle, which could lead to the ray leaking. However, since the difference between n(x, y) and n cl is quite small, the refracted ray can still remain confined in the core. Thus, despite the SI profiles at all the intersections, the strong optical confinement effect of GI cores plays a key role for reducing the ray leakage.
Meanwhile, the intersection with a uniform refractive index, n int could cause Fresnel reflection loss. As mentioned above, the index difference between n(x, y) and n int is very small, and the largest incident angle of a ray to the intersection is calculated to be as small as 8° to 10° from the NA value of the waveguide. Because of these reasons, the loss due to Fresnel reflection should be as low as 0.007 dB for 50 crossings at highest. Thus, even if the loss due to Fresnel reflection is taken into account, the crossing loss in GI-core crossed waveguides is still low enough.
In the ray trace simulation, the core size could be another concern that the calculated results could be over or under estimated. Hence, the core size dependence of the loss in the GI-crossed waveguide is also simulated. The core width and height, 2a x , 2a y are varied to be 35, 50, 75, and 100 μm. Even though the core size is varied, the values of P and P in in Fig. 1 are fixed, and other simulation conditions are identical to those for the results in Fig. 2 . The results are shown in Fig. 4(b) . Although approximately 0.04-dB loss difference is observed between the results of 50-μm and 100-μm core size after 50 crossings, there is no clear core size dependence. For those ray trace simulations, the total number of injected ray is 10,000, and the direction and intensity of each ray is determined using a random number, following the Monte Carlo method. The influence of the deviation of launching conditions due to the random number usage is calculated to be ± 0.03 dB after 50 crossings when p = q = 3, while it is ± 0.05 dB when p = q = 40. Therefore, the loss dependences on n int and core size shown in Figs. 4(a) and 4(b) could include this fluctuation due to the random number usage. Thus, even under the adverse conditions for GI core, the crossing losses are low enough compared to the SI-core crossed waveguide. In the results shown in Figs. 4(a) and 4(b) , it is interesting that the highest loss increment is observed at the first crossing, followed by gradual loss increase. In addition, periodical abrupt loss increments are observed. Since the higher order modes are likely to leak preferentially, the large loss increment at the first crossing is understandable. Meanwhile, the cause of this periodical loss increase is discussed in section 3.5. 
Index profile dependence
In the above sections, we simulate the loss of the GI-core crossed waveguide with the index exponents p = q = 3, although it is well known that the condition of p = q = 2 should be ideal from the modal dispersion point of view. After we published the simulated results [19] , other ways to fabricate GI-core crossed waveguides have been investigated [12] . However, the index profile looks deviated from a parabolic shape, and even asymmetric. That means it is difficult to precisely control the refractive index profile to have a unique value of p and q when we apply the actual fabrication procedures. In most fabrication techniques for GI-cores, the diffusion of core and cladding materials is important for controlling the refractive index profile, and thus it would be much more difficult to form an index profile with p = q = 2 than that with larger values of p and q. Therefore, in this section, we focus on the crossing loss dependence on the index profiles at the straight region. In Fig. 5(a) , the simulated results of the accumulated crossing loss from a perpendicularly crossed waveguide is indicated with respect to the crossing number. In this calculation, the parameters p and q for the straight region are varied as p = q = 2, 5, 7, 10 and 40. In these cases, the difference in the refractive index profiles is confirmed from Fig. 6 . It is found from Fig. 5(a) that with increasing the values of p and q, the crossing loss increases. Although a difference of the two index profiles between p = q = 2 and p = q = 5 are clearly observed in Fig. 6 , the accumulated losses of the two profiles are quite low, compared to the case when p = q = 10 and larger. Here, the loss values after 20 and 50 crossings are extracted, and these loss values are plotted over the index exponent values (p and q) in Fig. 5(b) . It is very interesting that the accumulated crossing loss abruptly increases when the index exponent (p and q) exceeds 5.0, as shown in Fig. 5(b) . From these results, we confirm that only a slight index gradation forms at the core-cladding boundary; this reduces the crossing loss, for instance when p = q = 10. However, we also verify that the index exponents p and q should be as small as 5 or less for realizing a waveguide with sufficiently low crossing loss, although it strongly depends on the crossed waveguide design: the required number of crossing, crossing angle, etc.
In addition to the variety of index exponents, the difference between the values p and q could be another concern. In the above calculations, we set the parameters p and q to be identical, but in general the p and q could be different when we utilize several techniques for fabricating GI-core waveguides as currently proposed. We preliminary calculated the influence of different p and q, and reported it in [19] , but the detailed discussion for such asymmetric index profile (p ≠ q) will be published elsewhere. 
Launch condition
In the above calculations, we theoretically demonstrate that the GI core with index exponents p and q smaller than 5.0 remarkably reduces the crossing loss in perpendicularly crossed waveguides. Furthermore, the low loss in GI-core crossed waveguide is sustained even if the intersection region has an SI profile. Here, since the waveguides under discussion propagate as multimode, it is important to note that the optical characteristics largely depend on the launching condition. As explained in 2.2, we define the input light beam composed of multiple rays with a Gaussian intensity with a 10-μm spot size, and a Gaussian angular distribution to have a launch NA of 0.20. This launch condition might be regarded as being advantageous for the GI-core crossed waveguides. Therefore, in this section, we investigate the crossing loss dependence of both SI-and GI-core crossed waveguides on the launch condition: spot size and offset. Figure 7 shows the simulated results when the spot size is set to be 30 μm and 40 μm, comparing to the results with a 10-μm spot size. We observe little influence of the spot size on the accumulated loss. In the case of GI-core waveguides, if the rays are injected to the core at a point apart from the core center, the rays frequently pass through the periphery of the core as high order modes. So, these rays might tend to leak to the crossed cores. That means the larger spot size could lead to high loss even in the GI crossed waveguide. Indeed, in the case when p = q = 5 and lower, the loss increases with increasing spot size, while no clear spot size dependence is found in the SI-core waveguide (p = q = 40). However, it is found that the spot size of the launch beam is not crucial to cause the crossing loss as high as the loss observed in the SI-core crossed waveguide. Meanwhile, the offset launch is widely used for intentionally exciting higher order modes in GI MMF for measuring the differential mode delay [20] . Hence, it is a concern particularly in GI-core crossed waveguides that the crossing loss increases under the offset launch condition. The calculated losses after 50 crossings in SI-and GI-core crossed waveguides under offset launch conditions are shown in Fig. 8 . For this simulation, the position of incident beam to the waveguides is shifted in the x-direction shown in Fig. 1 with a 5-μm step, and then the crossing loss is calculated. Here, a coupling loss is caused under an offset launch condition, particularly in the GI-core waveguide. To obtain the crossing loss, the coupling loss is subtracted, so the "accumulated loss" in Fig. 8 is the optical loss simply caused by the core crossings. As shown in Fig. 8 , the loss as high as 2.5 dB in the SI core at 0-μm offset is observed consistently even under the offset conditions. In the SI core, the ray trajectory exhibits little change under offset launch conditions compared to the center launch: the incident angle is the only parameter which affects whether the ray leaks or not. Contrastingly, the crossing loss from the GI-core waveguide slightly increases with increasing the offset. However, even if a 15-μm offset is added, the loss increment is only 0.26 dB, which is still much lower than the loss from the SI counterpart. Although under the 15-μm offset, the higher order modes in GI-core are strongly excited, even such high order modes are tightly confined in the GI core to show extremely low crossing loss.
Thus, the GI-core crossed waveguide exhibits remarkably lower loss than the SI-core counterpart regardless of the launch conditions. In the experimentally fabricated GI-core crossed waveguides, the refractive index at the intersection would not be flat but have a variation. In the case that the n int is no longer flat, it is already found that the crossing loss is rather lower [19] . In addition, in all the above simulations, the index profiles in the horizontal and vertical directions are set to be the same (p = q). However, in the crossed waveguides experimentally fabricated, these two profiles are not necessarily identical. Indeed, a waveguide fabricated using the photo-addressing method has an asymmetric profile: SI and GI profiles in the vertical and horizontal directions, respectively. We called this profile as SI-GI profile. The calculated loss in the SI-GI core crossed waveguides were already reported in [19] , and the detailed influences of asymmetric index profiles on the crossing loss will be described elsewhere as well as the influence of the index profile at the intersection. 
Loss mechanism
In the ray trace simulation program, each leaked ray from the core is traced how and from where the ray leaks out. Then, the loss mechanism can be analyzed statistically. The results for SI (p = q = 40) and GI (p = q = 3) are summarized in Fig. 9 . Here, all the leaked rays are classified into three categories: (1) the rays leaked at the intersection, (2) the rays leaked at the straight region, and (3) the rays leaked with other causes, for instance just at the corner (due to ray tracing limit). These three classifications are expressed in Fig. 9 as "intersection," "straight," and "radiation," respectively. It is noteworthy that the light ray leakage from the core is observed even at the straight region as well as the intersection. In the SI-core crossed waveguide, the largest factor in the ray leakage is the lack of cladding at the intersections, so approximately 70% of leakage occurs at the intersection, as shown in Fig. 9 . Contrastingly, more than 90% of ray leakage from GI-core crossed waveguide is observed at the straight region. Most of the rays propagate with a quasi-sinusoidal trajectory in the GI core at straight regions. After they enter into the intersection with a uniform refractive index, they follow straight light paths. Then, the rays enter again into the GI straight region, as illustrated in Fig. 3(b) . Here, the exiting points of the rays from the intersection shift slightly compared to their entrance points to the intersection, due to the straight propagation. This shift corresponds to an offset launch for the GI-core next to the intersection, such that the ray converts to a different order mode. Therefore, the intersection with a flat refractive index works as a mode converter in GI-core crossed waveguides. Here, we focus on a ray that initially enters into the waveguide as a loworder mode. After passing through the intersections several times, the ray is converted to a higher-order mode. Even after passing through those intersections, most of the rays can again enter into the next straight region because of the unique ray propagating direction in GI cores explained in section 2.1. However, it no longer enters with an incident angle for a propagating mode, and finally it leaks out from the core. This is the reason why most of rays in the GI core leak at the straight region. Therefore, if the intersection region has a GI profile, by which mode conversion is suppressed, much lower crossing loss is realized.
In addition, this ray leakage mechanism which is very specific in GI cores could be one of the reasons why a periodical abrupt increase in loss is observed in Fig. 4 . Although the incident angles and intensities of injected rays are randomly defined in the program, the random number is not necessarily random. So, rays could be classified into a "mode group," and the rays involved in the same mode group leak simultaneously after passing a certain number of crossings, resulting in abrupt loss increment. In the experimentally measured crossing loss in the GI crossed waveguide in Fig. 2 , such a periodical loss increment is not necessarily observed. Hence, the assumption of a uniform refractive index at the intersection is not accurate in the actual waveguide samples. The index profiles in the intersection should be evaluated in more detail. 
Crossing angle dependence
For the O-PCB applications, a more flexible waveguide structure is required in addition to perpendicularly crossed waveguides, which means the crossing angle of cores are not limited to 90°. With decreasing the crossing angle, the rays could be more likely to leak. Therefore, the crossing angle dependence of the waveguide loss is calculated. A relationship between the average waveguide loss per crossing and crossing angle is shown in Fig. 10 . The average waveguide loss is obtained from the accumulated loss of the crossed waveguide after 50 crossings. We observe a quite interesting result that even if the crossing angle is smaller than 90°, the light leakage is sufficiently low in the GI core than in SI core over a wide range of crossing angles. In the above section, we mention that an index exponent smaller than 5 is required for sufficiently low crossing loss particularly in perpendicularly crossed waveguide. However, in the case when p = q = 5 and higher, the crossing angle dependence is large, while in the waveguides with a smaller index exponent, the low crossing loss at a 90° angle is sustained over a wide range of crossing angles down to 50°. Hence, it is confirmed that GIcore crossed waveguides have a great superiority for reducing the crossing loss. In particular, GI-core waveguides with an index profile very close to parabolic shape (p = q = 2) have a large advantage in decreasing the loss over a wide variety of crossing structures. 
Conclusion
In this paper, we designed the index profile for multimode crossed waveguide to exhibit a low crossing loss, using a ray tracing method. The tight optical confinement effect of the GI core allows a significant reduction of excess optical loss due to core crossing compared to the SIcore counterpart (2.58 dB to 0.072 dB for 50 crossings, corresponding to 0.05 dB/cross and 0.0015 dB/cross, respectively), even if the refractive index profile at the intersection is not the same GI structure but an SI profile. It was also found that the rays in SI-core crossed waveguides leaked out mainly at the intersection, because of the lack of cladding. Meanwhile, the rays entered into GI-core crossed waveguides were essentially confined in the core, and few rays leaked at the intersection. In particular, if the intersection has a uniform refractive index (SI profile), the intersection works as a mode converter: the propagating modes (rays) are converted to leaky modes (rays) after passing several crossings. For realizing very low loss crossed waveguides, a GI profile close to parabolic shape is a desirable profile. Hence, the GI-core multimode waveguides will pave the way for highbandwidth density on-board optical interconnects.
